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ON SHORT TIME EXISTENCE OF LAGRANGIAN MEAN 

CURVATURE FLOW 


TOM BEGLEY AND KIM MOORE 

Abstract. We consider a short time existence problem motivated by a conjec¬ 
ture of Joyce in [8]. Specifically we prove that given any compact Lagrangian 
L C C n with a finite number of singularities, each asymptotic to a pair of non¬ 
area-minimising, transversally intersecting Lagrangian planes, there is a smooth 
Lagrangian mean curvature flow existing for some positive time, that attains L as 
f \ 0 as varifolds, and smoothly locally away from the singularities. 


1. Introduction 

A long-standing open problem in the study of Calabi-Yau manifolds is whether 
given a Lagrangian submanifold, one can find a special Lagrangian in its homology 
or Hamiltonian isotopy class. Special Lagrangians are always area minimising, so 
one way to approach the existence problem is to try to minimise area among all 
Lagrangians in a given class. This minimisation problem turns out to be very subtle 
and fraught with difficulties. Indeed Schoen-Wolfson [Qj showed that when the 
real dimension is 4, given a particular class one can find a Lagrangian minimising 
area among Lagrangians in that class, but that the minimiser need not be a special 
Lagrangian. Later Wolfson [20] found a K 3 surface and a Lagrangian sphere in this 
surface such that the area minimiser among Lagrangians in the homology class of 
the sphere, is not special Lagrangian, and the area minimiser in the class is not 
Lagrangian. 

An alternative way of approaching the problem is to consider mean curvature flow. 
Mean curvature flow is a geometric evolution of submanifolds where the velocity at 
any point is given by the mean curvature vector. This can also be seen as the gradient 
descent for the area functional. Smoczyk showed in [15] that the Lagrangian con¬ 
dition is preserved by mean curvature flow if the ambient space is Kahler-Einstein, 
and consequently mean curvature flow has been proposed as a means of constructing 
special Lagrangians. In order to flow to a special Lagrangian, one would need to 
show that the flow exists for all time. This however can’t be expected in general, as 
finite time singularities abound. See for example Neves [13] . For a nice overview on 
what is known about singularities of Lagrangian mean curvature flow, we refer the 
reader to the survey paper of Neves [12], 

A natural question is whether it might be possible to continue the flow in a weaker 
sense once a singularity develops and, in doing so, to push through the singularity. 
Since all special Lagrangians are zero-Maslov class, and the Maslov class is preserved 
by Lagrangian mean curvature flow, of particular interest is the mean curvature 


Both authors supported by EPSRC grant EP/H023348/1 at the Cambridge Centre for Analysis. 



2 


T. BEGLEY AND K. MOORE 


flow of zero-Maslov class Lagrangians. In this case, the structure of singularities 
is relatively well understood. Indeed Neves HU has shown that a singularity of 
zero-Maslov class Lagrangian mean curvature flow must be asymptotic to a union 
of special Lagrangian cones. We note that in C 2 every such union is simply a union 
of Lagrangian planes, and so the case we consider in the below theorem is not nec¬ 
essarily overly restrictive. In this paper we consider the simplest such singularity, 
namely that where the singularities are each asymptotic to the union of two non¬ 
area-minimising, transversally intersecting Lagrangian planes. Specifically we prove 
the following theorem which serves as a partial answer to Problem 3.14 in |S]. 

Theorem (Short-time Existence). Suppose that L C C n is a compact Lagrangian 
submanifold of C n with a finite number of singularities, each of which is asymptotic 
to a pair of transversally intersecting planes Pi + P2 where neither Pi + P 2 nor 
Pi — P 2 are area minimizing. Then there exists T > 0 and a Lagrangian mean 
curvature flow ( L t ) 0<t<T such that as t \ 0, L t —>■ L as varifolds and in Cff c away 
from the singularities. 

We remark that the assumptions L cC" and L compact are made to simplify the 
analysis in the sequel, however since the analysis is all of an entirely local nature we 
may relax this to L C M for some Calabi-Yau manifold M, and to L non-compact 
provided, in the latter case, that we impose suitable conditions at infinity. 

In the one-dimensional case all curves are Lagrangian. Ilmanen-Neves-Schulze con¬ 
sidered the flow of planar networks, that is finite unions of embedded line segments 
of non-zero length meeting only at their endpoints, in |5j|. They showed that there 
exists a flow of regular networks, that is networks where at any meeting point ex¬ 
actly three line segments come together at angles of 27 t/ 3 , starting at any initial 
non-regular network. To do so they performed a gluing procedure to get an approx¬ 
imating family of regular initial conditions, and proved uniform estimates on the 
corresponding flows, allowing them to pass to a limit of flows to prove the result. 
The proof here is based heavily on their arguments, and many of the calculations 
we do are similar to those in that paper. To prove the short-time existence, we 
construct a smooth approximating family L s of initial conditions via a surgery pro¬ 
cedure. Specifically we take a singularity asymptotic to some non-area-minimising 
pair of planes Pi + P 2 , cut it out and glue in a piece of the Lagrangian self-expander 
asymptotic to those planes at a scale determined by s. For full details see Section 7. 
Each of these approximating Lagrangians is smooth, and hence standard short time 
existence theory gives a smooth Lagrangian mean curvature flow L s t corresponding 
to each s. As s —» 0 the curvature of L s blows up so the existence time of the flows 
L\ guaranteed by the standard short time existence theory goes to zero. Instead 
we are able to prove uniform estimates on the Gaussian density ratios of L s t , which 
combined with the local regularity result of Brian White [19] provides uniform cur¬ 
vature estimates, interior in time, on the flows Lf, from which we obtain a uniform 
time of existence allowing us to pass to a limit of flows and prove the main result. 
There are two key components in the proof of the estimates on the Gaussian den¬ 
sity ratios. The first is a stability result for self-expanding solutions to Lagrangian 
mean curvature flow. More specifically we show that if a Lagrangian is weakly close 
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to a Lagrangian self expander in an L 2 sense, then it is close in a stronger C l,a 
sense. The proof of this stability result depends crucially on a uniqueness result for 
zero-Maslov smooth self-expanders asymptotic to transverse pairs of planes due to 
Lotay-Neves [10J and Imagi-Joyce-Oliveira dos Santos |6J. The second component 
is a monotonicity formula for the self-expander equation, which allows us to show 
that the approximating family of initial conditions that we construct in the proof, 
which are self-expanders in a ball, remain weakly close to the self-expander for a 
short time. The combination of these results tells us that the evolution of the ap¬ 
proximating flows is close to the evolution of the self-expander near the singularity. 
Since self-expanders move by dilation, we have good curvature control on the self¬ 
expander, and hence estimates on the Gaussian densities of the approximating flow. 
Organisation. The paper is organised as follows. In Section 2 we recall key defi¬ 
nitions and results. In Section 3 we derive evolution equations and monotonicity 
formulas for geometric quantities under the flow. In Section 4 we prove the Stability 
result mentioned above. Section 5 contains the proof of the main theorem which 
gives uniform estimates on the Gaussian density ratios of the approximating family 
near the singularity. From this we get uniform estimates, interior in time, on the 
curvature of the approximating family which allows us to appeal to a compactness 
argument. Section 6 contains the proof of the short time existence result itself. 
Section 7 details the construction of the approximating family used in the proof of 
the main theorem. Finally the appendix, Section 8, contains miscellaneous techni¬ 
cal results, including Ecker-Huisken style curvature estimates for high-codimension 
mean curvature flow. 

Acknowledgements. Both authors would like to thank Jason Lotay and Felix Schulze 
for their help, guidance and feedback. 

2. Preliminaries 

2.1. Mean Curvature Flow. Let M n C W l+k be an n-dimensional embedded 
submanifold of W n+k . A mean curvature flow is a one parameter family of immersions 
F : M x [0, T) — > M n+fe such that the normal velocity at any point is given by the 
mean curvature vector, that is 

dt 

Of particular interest to us are self-expanders. These are submanifolds M C W n+k 
satisfying the elliptic equation 

H - x ± = 0 

where (-)- 1 is the projection to the normal space. In this case one can show that 
M t = \p2AM is a solution of mean curvature flow. 

A fundamental tool in the analysis of mean curvature flow is the Gaussian density. 
We first define the backwards heat kernel p( X0 .t 0 ) as follows 

/ i \ 1 ( 

:= ( Mfo - f ))»/ 2 exp f-4faV7)J ’ 
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Next, for a mean curvature flow (. M t ) 0 < t<T ) we define the Gaussian density ratio 
centred at (xo,t 0 ) and at scale r by 


Q(x 0 ,t 0 ,r) : = 


' M. 2 

to~ r 


P(x 0 ,t 0 ){x,to ~ r 2 )dn n (x) 

1 / \X — Xq\ 


(47IT 2 ) n /2 


exp 


t 0 ~ r 


4 r 2 


dU'flx) 


this is dehned for 0 < t 0 < T, 0 < r < and any x 0 G R n+k . Huisken in [Ij 
proved the following monotonicity formula. 


Theorem 2.1 (Monotonicity Formula). If (Mt)o<t<t 0 is a mean curvature flow, then 


d 

dt 


'M t 


P(xo,to)(x,t)dn n (x) = - 




H — 


(x 0 - x)~ 


2(t 0 - t) 


PM) (x,t)dn n (x). 


In particular, it follows that O(xo,to,r) is non-decreasing in r. Consequently we 
can define the Gaussian density as 


Q(x 0 flo) := lim 0(x o , t 0 , r). 

r\0 

One can show that ( x 0 , t 0 ) is a regular point of the flow if and only if O(x 0 , t 0 ) = 1. 
The following local regularity theorem of White [19] says that if the density ratios 
are close to 1, then that is enough to get curvature estimates. 


Theorem 2.2 (Local regularity). Let r > 0. There are Eo(n,k) > 0 and C = 
C(n, k, t) < oo such that if dM t 0 B 2r = 0 for t G [0, r 2 ) and 

0(x, t, p) < 1 + £ 0 p < rVt, x G B 2r {x 0 ), t G [0, r 2 ) 


Then 


\A\(x,t) < 


C_ 

Vt 


x G B r (x 0 ), t G [0,r 2 ). 


Finally, we introduce what it means for two manifolds to be e-close in C l,a . Given 
an open set U and two n-dimensional manifolds £ and L defined in U, we say that 
£ and L are 1-close in C l,a (W) for any W with dist(lT, dU) > 1 if for all x G W, 
B i(x) fl£ and Bflx) flL are both graphical over some common n-dimensional plane, 
and if u and v denote the respective graph functions then ||n — n||i, a < 1. We then 
say that £ and L are £-close in W if after rescaling by a factor 1/e, £ and L are 
1-close in e~ x W for any W with dist(e _1 14 / , E^dU) > 1. 


2.2. Lagrangian Submanifolds and Lagrangian Mean Curvature Flow. We 

consider C n with the standard complex coordinates Zj = x 3 + iyj. We will often 
identify C” with M 2n . We let J denote the standard complex structure on C n 
and oj the standard symplectic form on C n . We say that a smooth n-dimensional 
submanifold of C n is Lagrangian if u\l = 0. We also consider the closed n-form O, 
called the holomorphic volume form, defined by 

:= dzi A • • • A dz n . 
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On any oriented Lagrangian a simple computation shows that = e^voR, where 
voR is the volume form on L. e ldL : L —)■ S 1 is called the Lagrangian phase. 9 l is 
called the Lagrangian angle , and may be a multi-valued function. We henceforth 
suppress the subscript L. In the case that 6 is a single valued function, we say that 
the Lagrangian L is zero-Maslov. An equivalent condition is [d6\ = 0, that is, dd is 
cohomologous to 0. If 9 = 9q is constant, then we say that L is special Lagrangian. 
In this case L is calibrated by Re(e _ * e °voli), and hence is area-minimising in its 
homology class. 

We also consider the Liouvillc form A on C n defined by 

n 

A := -Vj dx r 

3 = 1 

A simple calculation verifies that dX = 2u. If there exists some function j3 such that 
A|l = d(3 then we say that L is exact. In this paper we will be more interested in 
local exactness, that is when the Liouvillc form A only has a primitive in some open 
set. 

The following remarkable property of smooth Lagrangians relates the Lagrangian 
angle and mean curvature vector (see for example [IS] ) 

H = JX79. 

Consequently we see that the smooth minimal Lagrangians are exactly the smooth 
special Lagrangians. 

A Lagrangian mean curvature flow is a mean curvature flow ( L t ) 0 < t<T with L 0 
Lagrangian. As proved by Smoczyk [IS], it turns out that the Lagrangian condition 
is preserved by the mean curvature flow. 


3. Evolution Equations and Monotonicity Formulas 

In this section we compute evolution equations for different geometric quantities 
under the flow, and then use these to prove a local monotonicity formula for a 
primitive of the expander equation. 


Lemma 3.1. The following evolution equations hold. 

(i) f = A0 t 

(ii) In an open set where the flow is exact and zero-Maslov = A f3 t — 2 9 t 


m 


d P(x Q ,t 0 ) 


dt 


= -Ap(. 


zcMo) 


H 


(xp—xY 


2(t 0 -t) 


P(xo,to) T H P(xo,to)■ 


Proof, (i) Differentiating the holomorphic volume form and using Cartan’s formula 
we have 

^ = d(HM) = d{ie idt V9 t jv ol Lt ) 

= ie l9t d(X79 t _ivol Lt ) — e iet d9 t A (VdjjvoRj 
= le* et div(V^)vol it — e lBt d9 t A (Vd t _ivol it ). 
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On the other hand 

(IQ (1 , :n , x ,,, d6t , if) d 

m = iJ e ,voli -)= !e V oli - +e St™' 1 -' 

Comparing real and imaginary parts we have (i). 

(ii) Using Cartan’s formula again and denoting \ t := X\ Lt , where A = — 

y l dx l is the Liouville form, we have 

d A t = + #adA t 

= d(Hj \ t ) + JX79 t _i2u 
= d(HjX t ) - 2d6 t . 

Hence 

d (f- J?jA,+2# *) =a 

By possibly adding a time-dependent constant to j3 t this implies 

^ jA* - 20 t . 

dt 

Hence it only remains to show that H_i\ t = Af3 t . We hrst show that V/3 t = ( Jx) T . 
Indeed we have df3 t = X t , thus for a tangent vector r 

<VA, r) = d/3 t (r) = X t (r) = (Jx, r) = ((Ja;) T , r). 


With this in hand we now choose normal coordinates at a point x, and denote the 
coordinate tangent vectors by {<9i,. .., d n }. Then we calculate 

ViVjft = (V,(Jx) T ,a i ) = di(Jx, dj) - ((Jx) T ,D a .d j ) 

= (Jdi, dj) + (Jx, D di dj) - ((Jx) T , D di dj) 

= u(di, dj) + (( Jx)^, D di dj) 

= (Jx,hij), 


where h tJ is the second fundamental form. Taking the trace of each side we have 


A p t = (Jx, H) = H^X t . 

(iii) We may assume without loss of generality that Xq = 0 and t 0 = 0, and we will 
suppress the subscripts of p. We first calculate 

dp ( n |a;| 2 \ dp x 1 d 2 p f Sij x l x 3 A 

dt \ 2 1 At 2 ) ^ dx i 2t/ > dx i dx 3 \ 2t 4 t 2 ) ^ 

Then we have 


dp 

dt 


dp 

dt 


+ (Dp, H) 


dp 

dt 



P 


dp 

dt 



2 

p + H 2 p + 


x^\ 2 
At 2 


P- 
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To compute the Laplacian term, we once again fix a point in L and take normal 
coordinates at that point, with {<9i,..., d n } denoting the coordinate tangent vectors. 
Then 

^ (x, di) 

V *P = “XT—P 


V;Y,-p = 


2 1 
5_, 

2 1 




So we find that 


Ap = 


I T 12 

n \x | 
2t + 4f 2 


At 2 


dp 

p = ~dt ~ 


P 


\x 


T12 


At 2 ’ 


combining this with the previous calculation yields (iii). 


□ 


Remark. From the above evolution equations we see that local exactness is pre¬ 
served by the flow, indeed 

^ = C n \ t = + HjcIXt 

= d(H_iXt ) + JV0f j2cu 
= d(HjX t ) - 2 dO t . 

so by the fundamental theorem of calculus we have 

rt dX, 


Xt — An + 


ds 


■ds 


where the right hand side is exact if Ao is. 

Let 0 be a cut-off function supported on B 3 with 0 < 0 < 1, 0 = 1 on B 2 and the 
estimates \D(f>\ < 2 and \D 2 (J)\ < C. We then have the following lemma. 

Lemma 3.2. Suppose that (L t ) are exact in B 3 and define a t := j3 t + 2 td t . Then 

d f 


dt 


'L t 


yfpdp < — / cj)\2tH — x ± \ 2 pdp + C 

J Lt 


'L t n(B 3 \B 2 ) 


a t pdp. 


where C = C(4>). 
Proof. We calculate 


d 

Jt~ L 


\ Q(j) 

)(/> = -- di v Lt D(f) = -A R n+ fe 0 + tr {TL) ±D 2 (p < C 1b 3 \b 2 


Then 
d 
dt 


A (0a?) = 0 


d_ 

dt 


A ] ou + ou 


d_ 

dt 


A 0 - 2(V0, Va t 2 ) 


< 20cq ^ — A^j a t - 20|Va t | 2 + Ca 2 1b 3 \b 2 - 4cq(V0, Va t ). 


Using Young’s inequality we estimate the last term as follows 


—4cq(V0, Va t ) < A\Dcj)\\oi t \\\7a t \ < 0|Vcq| 2 + 


4|L»0P 


■a? — 01 Vatl" + CaftB 3 \B 2 



T. BEGLEY AND K. MOORE 


where we used that 


\D<ft 


< 2max \D 2 cj)\ < C 


which is true of any compactly supported smooth (or even C 2 ) function. Thus we 
arrive at 

(-£ ~ ^ 0( a t) 2 A — </>|Vcq| 2 + Ca 2 l B3 \ B2 . 

We now just differentiate under the integral to get 


d 

dt 


(f>a 2 pdp < / (fa 2 I —A p 


’Lt 


'Lt 


H 


x 

2 1 

.2 „ tt2 


+ / pAcfa 2 — (fralpH dp + C 

J Lt 


p + H 2 p ) - p<f\ Va t \ 2 dp 
oq’pdp 


' Ltn(Bs\B2) 


< / pA(f>a 2 — cj)a 2 Apdp — / 0| \7a t \ 2 pdp + (7 


'it 


' Lt 


’ LtC\(B?\B2) 


a 2 pdp. 


The first integral is zero by Green’s identities, so we are left with precisely the 
desired inequality since Vcq = V(3 t + 2 £V9 t = Jx L — 2 tJH. □ 


4. Stability of Self-Expanders 

In this section we prove a dynamic stability result for Lagrangian self-expanders. 
More specifically we show that if a Lagrangian submanifold is asymptotic to some 
pair of planes and is almost a self-expander in a weak sense, then the submanifold 
is actually close in a stronger topology to some self-expander. Let Pi, P 2 C C n be 
Lagrangian planes intersecting transversally such that neither Pi + P 2 or Pi — P 2 are 
area minimising. We denote by P := Pi + P 2 . We will need the following uniqueness 
result, proved by Lotay-Neves [TO] in dimension 2 and Imagi-Joyce-Oliveira dos 
Santos |6j in dimensions 3 and higher. 

Theorem 4.1. There exists a unique smooth, zero-Maslov class Lagrangian self¬ 
expander asymptotic to P. 

Theorem 4.2. Fix R,r,r > 0, a,Eo < 1, and C,M < 00 . Let E be the unique 
smooth zero-Maslov Lagrangian self-expander asymptotic to P. Then for all e > 0 
there exists R > R, 7], v > 0 each dependent on Eq, e, r, R, r, a, C, M and P such 
that if L is a smooth Lagrangian submanifold which is zero-Maslov in Bp 

(i) \A\ < M on L H Bp 

(ii) Jl P{x,o){lh —r 2 )dTL n < 1 + £0 f or x and 0 < r < t, 

(iii) / La B- \H~ x± \ 2 dn n < rj, 

R 

(iv) The connected components of L (1 A(r, R) are in one to one correspondence 
with the connected components of P D A{r, R) and 

dist(x, P) < v + Cexp 



for all x E L D A(r , R); 
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then L is e close to £ in C 1,a (Bjf). 

Proof. Seeking a contradiction, suppose that the result were not true. Then there 
would exist sequences zy \ 0 , r/, \ 0 , Pj —* oo and Lj such that each Lj is a smooth 
Lagrangian submanifold of C n that is zero-Maslov in Br., satisfying 

(1) \A Li \ < M on Lir\B R ., 

( 2 ) f L p( x ,o)(y, —r 2 )d'H n < 1 + £o for all x and 0 < r < r, 

(3) /i-nSfl. \H"“' x~ L \ 2 d'H n < rji 

(4) The connected components of L j n A{r, Rf) are in one to one correspondence 
with the connected components of P D A(r, Rf) and 

dist(x, P) < Vi + C exp 

for all x E Li P\ A(r, Rf), 

(5) Li is not £-close to £ in C 1,01 {Buf). 

By virtue of (1), (4), and a suitable interpolation inequality, it follows that for some 
p > 0, outside of B p , Li and £ are both £/4-close to P in C 1,a . Hence, in order that 
(5) is satisfied, we conclude that for large i, Lj is not £-close to £ in C 1,a (B p ). 

On the other hand, by (1) and (2) we may extract a subsequence of Li that converges 
in C' h ff for all a < 1 to some limit a C 1,1 zero-Maslov Lagrangian submanifold. 
The estimate (2) passes to the limit and tells us that L^ has unit multiplicity 
everywhere, and bounded area ratios. Since is C 1,1 we can define mean curvature 
in a weak sense, and (3) implies 



I H 


T 12 


X 


dW 


0 . 


By standard Schauder theory for elliptic PDE, this immediately implies that is in 
fact smooth and satisfies the expander equation in the classical sense. Consequently 
Loo is a smooth, zero-Maslov class Lagrangian submanifold, and (4) implies that 
Lqo is asymptotic to P. Theorem 14.11 then implies that L a0 = £, which contradicts 
(5). □ 


5. Main Theorem 

Suppose, as in the previous section, that P := P\ + P 2 is a pair of transversely 
intersecting Lagrangian planes such that neither Pi + P 2 nor Pi — P 2 are minimising, 
and that £ is a Lagrangian self-expander asymptotic to P. We assume the existence 
of a family (L s )o< s < c of compact Lagrangians, each exact and zero-Maslov in P 4 
satisfying the following properties. The existence of such a family will be established 
in section [7] 

(HI) The area ratios are uniformly bounded, i.e. there exists a constant D 1 such 
that 


r(L s n5 r (i)) < Dir 


Vr > 0, Vs 6 (0, c], Wx. 
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(H2) There is a constant D 2 such that for every s and x € L s fl P 4 

|0 s (a?)| + \/3 s (x)\ < D 2 {\x\ 2 + 1). 

where 9 s and /3 s are, respectively, the Lagrangian angle of L s and a primitive 
for the Liouville form on L s . 

(H3) The rescaled manifolds L s := (2s) _ 1 / 2 L s converge in Cl: S. Moreover 

the second fundamental form of L s is bounded uniformly in s and without 
loss of generality we can assume that 

lim(0 s + /3 s ) = 0 

s—>•() 

locally on L s . (Note that L s is exact in the ball 1/2 so we can make 

sense of (3 s in the limit.) 

(H4) The connected components of P fl A(ro\fs,43) are in one to one correspon¬ 
dence with the connected components of U fl A(roy/s, 4), and each compo¬ 
nent can be parametrised as a graph over the corresponding plane P* 

L s fl A(r 0 \/s, 3) C {a: + u s (x)\x G P fl A(r 0 \/s, 3)} C L s fl A(r 0 y/s, 4) 

where the function u s : P fl A(tq\/s, 3) —> P x is normal to P and satisfies 
the estimate 

|w s (x)| + |x| |Vm s (x)| + |a:| 2 |V^M s (a;)| < D 3 ^|a :| 2 + V2se~ b ^ 2 ^ 2s ^j . 


where V denotes the covariant derivative on P. 

We will denote by (Lf) te [ 0 ,T s ) a smooth solution of Lagrangian mean curvature flow 
with initial condition L s . For x$ G R 2n and t > 0 we define 

. . . . . 1 / lx — Xq 

^0 ,t)(x) ■= PC 0 , 0 )(x, -t) = ^ /2 exp I- — 

We introduce a slightly modified notion of the Gaussian density ratios, which we 
will continue to refer to as the Gaussian density ratios, of at x 0 , denoted 0*(a;o, r) 
and defined as 

(5.1) e- t (x 0 , r):= [ •Hx 0 ,r 2 )dn" = [ - 1 2w2 e~ |, ~ ,jp/4,a dH n (x), 

JL% JL a t l 47rr ) ' 

defined for t <T S . The monotonicity formula of Huisken tells us that 



@t(®o, r) = 0(x o , t + r 2 , r) < 0(x o , t + r 2 , p) = 


$(x 0 ,t + r 2 )dW 


t-\-r^ — p z 


for all p > r. In particular choosing p 2 = t + r 2 we have 

0 t(^o,^)< [ $(£ 0 ,t + r 2 )d'H r 


Lt = 


a/2(s + 1 ) 


We also define 
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We will denote by Qf(xo,r) the Gaussian density ratios of (LI), that is 


Q s t (x 0 ,r) : = f $(x 0 ,r)d'H n . 

J~L% 

One of the primary reasons for modifying the Gaussian density ratios is that onr 
new ratios behave well under the above rescaling. Indeed we can calculate 


Q S t( x o,r) 


0 f 


x 0 


\/2 (s + t) a/2 (s + t) 


The primary goal of this section is now to prove the following result. 

Theorem 5.1. Let £q > 0. There are sq, Sq and r depending on a < 1, D i, D 2 , D 3 , 
E, r 0 and e such that if 

t < Sq, r 2 < rt and s < sq 


then 

for every x 0 G Bi. 


®t( x o, r ) < 1 + £ o 


We start by proving estimates like the one in the above theorem hold for a short 
time or far from the origin. 


Lemma 5.2 (Far from the origin estimate). Let e 0 > 0. There are 8\ > 0 7 K 0 < oo 
such that if r 2 <t<5i, then 

®t( x Od) < 1 + C 0 

for all xq G A(Ko\f2t, 1). 

Proof. We first claim that there is a A' 0 such that if yo G M 2n has |?/o| > K 0 then for 
any A > 0 and s we have 

[ $(y 0 ,l)dn n < l + e/2. 

JA(L a nB 3 (0)) 

Indeed suppose that this were not the case, then there would exist sequences y t , A* 
and Si with | y l \ —> oo such that 


(5.2) [ $( yi , 1 )dH n > 1 + e/2. 

J Xi(L s inB 3 (0)) 

First we note that A j must be unbounded since 


I \i(L a inB 3 (0)) 


HVi, 1 )dU n < 


ns 3 (o)) 


(47r) n / 2 


e —|w| 2 / 8 e 3|x| 2 / 4 d ^n 


v\m r 


< p-\Vi | 2 /8\n / _ 

* JlhoBs (4tt)"/’ 

< GjA"e _l2/ 4 2/8+cA i A n (A s ‘ n B 3 ( 0)) 
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so it is easily seen that if A* were bounded then (15.21) would fail for large i. Next 
from the estimate (H4) we have that 


V 2 ui(x)\ < C 



J 


for every x £ A(ro\^2s, 4) and hence 

' A ^ c { 1+ w/ i>x>V2 ') 

on B 3 D L s , since on B ro ^ we have |H| < C(2s)^ 1 ^ 2 where C is a curvature bound 
for E. We rescale and define 


Li := XiL Si 

so that on L,- we have the estimate 


\A\<y[l + 


0 —b\x\ 2 /2\?Si 


(Ji . A; Si 5 

= C (\- 1 + <j- 1/2 e- b W 2/2,Ji 


Consequently |H| —* 0 uniformly on compact sets centred at y p so it follows that 
locally Li — yi converges to a plane, but this contradicts (15.21) . 

We next observe that (HI) ensures that we may choose <5i > 0 small enough such 
that for any x 0 £ B 3 (0 ) and l < 2we have 


/ $(x 0 J)dH n < £ 0 /2 
Jl°\b 3 

By the monotonicity formula we have that for any r 2 ,t < 6 1 
Qt(x 0 ,r) < [ $(x 0 ,r 2 + t)ctH n 


J L» 

=/ 

Jl°\b 3 

< £o/2 + 

< 1 + £o 


<f)(a:o, r 2 + t)d'H n + 


$ 


(r 2 +t)- 1 (L a nB 3 ) w r 2 + t 


I L s nB 3 
x 0 


<&(xq, r 2 + t)d'H r ‘ 

, 1 ) dU n 


provided that |xo| > K^y/r 2 + t, so imposing the additional requirement that r 2 < t 
this gives precisely the desired result. □ 


Lemma 5.3 (Short-time estimate). Let £q > 0. There are s\ > 0 and q\ > 0 such 
that if s < s i, r 2 < qis and t < q±s then 

(5.3) Q s t (x,r) <l +£ 0 

for all x £ Bi. 

Proof. By lemma 15.21 we need only prove the estimate for x £ B Kq v ^. We apply 
lemma 18.21 with R = K 0y /qf + 1 where q\ = gi(£, e 0 , a) and the rescaled flow 
L, := (2 s)-^L‘ 2 „. This is a mean curvature flow with initial condition L s . By (H3) 
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we know that L s —» E in (7* 0 ’“, so in particular for s small enough, we can ensure 
that L s is £(c 0 , E, a)-close to E in C 1,a . Hence for r 2 ,t < q\ and x G B Kq we 
have 

Q*(x,r) = ( $(x,r 2 )ctH n — f $(2sx, 2sr 2 )dH n < 1 + £ 0 , 

■'ll J Pst 

or in other words 

&t( x , r ) <l + e 0 , 

for all r 2 ,t < q±s and x G B Kq / 2 ^. However since t < q\S this holds for all 
x e ^K 0 V2t- ^ 

The next lemma shows that in an annular region, and for short times, we retain 
control on both the distance to P and the Gaussian density ratios that is uniform 
in s. 

Lemma 5.4 (Proximity to P = P\ + P 2 ). There are constants C\ , and ry such that 
for any v > 0 there are s 2 ,d 2 > 0 such that the following holds. If s < s 2 , t < S 2 
and r <2 then we have the estimates 

dist( 2 / 0 , P) < v + Cie~\ y °\ 2 / Cl \/y Q G L s t n A(ri, ( s + t) -1 ^ 8 ) 

and 

®!(yo, r) < 1 + ^ + v v l/o6 A (n, (s + t)~ 1/8 ). 

Proof. We consider t < S 2 and s < s 2 (both 5 2 and s 2 to be chosen) and define 

l ■= 1 E (m) •= u 

2 (s + t) ' v /2 JsTfj' 

Clearly l < 1/2 and also from (H4) we have that if s 2 , d 2 are chosen small enough, 
then 

E (s ’^ fl A(r 0 , 3(s + t) _1/8 ) 

is graphical over PnH(r 0 , 3(s + f) -1 / 8 ). Moreover if vr s ,t) is the function arising from 
this graphical decomposition then we have by scaling the estimate of (H4) that 

\ v {s,t) (#) | +1 x 11Vu (S;t) (x) | + |x| 2 |V 2 u (s!t) (x)| 



Let c > 0 be a constant that will be chosen later. If s 2 (D 3 , r 0 , c ) and S 2 (D 3 , r 0 , c) > 0 
are small enough and ry(P, c) > max{ro, 1} is chosen to be large enough then we 
can ensure that 

(5.4) |u (S)t) (x)| + |x||Vu( S)t) (x)| < D 3 ^2(s + t)\x\ 2 + e _6|a;|2 j < c/2 
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on A(r i, 3 (s + t) 1 / 8 ). From now on we fix some yo e L\ D A ( 3 ri + 1 , (s + t) ^ 8 ), 
then y 0 y / ' 2 (s + t) is a regular point of (L|) so by the monotonicity formula 

l<e s 0 (y 0 V^s + t),Vi)= I ®(yo, l)dH n A + B + C 

J S( s >‘) 

where 


A : = 

B : = 

C : = 


*(y 0 ,l)dW 


' s (^)\£ 3(s+t) _ 1/8 


's( s 4)nB ri 


*{y 0 ,l)dH r 


J S( s >*)nA(ri ,3(s+t)-V 8 ) 

We hrst estimate A. If |x| > 3 (s +1) -1 / 8 > 3 |?/o| then 

2 \x\ 


x 


\x -y 0 \ 2 = |o;| 2 - 2|x||y 0 | + \Vo \ 2 > \x \ 2 - + \y 0 \ 2 = ^-+ \y 0 \ 2 , 


so 


0 = -i-T-e-l'-wP/n < J^-bP/VHVni = 3»/2 e -l»P/4. 4 ,(0 i3i ). 


(47r/) n / 2 (47r/) n / 2 

Therefore by choosing C'i = Ci(Di,n) we can estimate 

A= I <% 0 , l)dU n < 3 n/ V l!/o|2/4Z [ 


/E(,,t) \ B 3(.+t)-V8 


's(-‘)\R 3(s+t) - 1/8 


<h(0, 3 l)d% r 


< 3 n / 2 e - bol 2 /4; 

< Cie -1 ® 012 / 01 , 


(3/) _1 / 2 S( s ’ t ) 


$( 0 ,l)d 7 T 


since / is bounded independent of s and f, and the estimate (HI) is scale invariant, 
so in particular is satisfied by (3/) _1 / 2 y;0>d. 

Next we estimate ZT Similarly as before we find that for |a:| < ri < 1 2/0 1/3 we have 

M 2 


|ar — 2/ 0 | > M + 


Thus 


<%o, 0 < e- |2/o|3 / 12 $(0, l) on B 
hence by possibly increasing C\ if necessary we have 


r 1 


B= f <% 0 , l)dH n < e - M2/41 [ $( 0 ,l)dH n <C ie - M2/Cl . 

is( s .*)ns r . 1 J’E( s ’*)nB ri 

Finally we deal with C. We denote by a* the orthogonal projection of y 0 onto Pi and 
by bi the orthogonal projection of y 0 onto P We suppose without loss of generality 
that 


dist (2/0, P) = 1 61 
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We will also denote by E- s ' #) the component of E^’h D A(ri,3(s + t) -1 / 8 ) that is 
graphical over flj := P i nA(r 1: 3(s + t) -1 / 8 ), and by vl ^ the corresponding function. 
Since we have that Pi D P 2 = {0} it follows that for some c = c(P) > 0 we have 
that \b 2 \ > c\yo\. Notice that since \b 2 \ < |z/o| we have that c < 1. Suppose that 
x G Ej , and denote by x' the orthogonal projection onto P 2 . Then we have 

\Vo-x\ 2 = \a 2 + b 2 -x'-v 2 {s!t) (x’)\ 2 = \a 2 - x'\ 2 + \b 2 - < t) (*')| 2 - 
Moreover by fl-5.41) . if r 1 is chosen large enough (and in particular larger than 1), 


£,*)(*')! < 9 < 


c\yo 

2 


\h - vf Stt) (x’)\ >\b 2 \ 
Consequently, defining g tJ := Sij + DiV 2 st ^ 



W)\ > 


c\yo 

2 


• DjV 2 st y we can estimate 



Hvo ,i)dn n 


f 1 (-\ a 2 -xf - \b 2 - vl t) (x')\ 2 

L (47r/) n/2 exp { 4/ 


< Ce-° 2M2/Wl [ . 1 /0 e-\ a2 - x '\ 2/4l dx’ 

J P2 (4t d) n / 2 

< Cie^ y °\ 2/Cl , 



where we used (15.4p to estimate the gradient terms arising in the surface measure. 
Combining this with the estimates for A and B we have that 

-bo 12 ' 


(5.5) 


1 < 




<%o ,l)dH n < 


AM) 


$( 7 / 0 , l)dV. n + C\ exp 


Ci 


Increasing ry for the last time if necessary, we can ensure that 

-bo 12 ' 


Ci exp 


Ci 


1 

< -. 

~ 2 


Therefore we have that 


1 

- < 

2 “ 


ys,t) 


&(yo, l)d'H n < C sup exp 


ni 


\ b i ~ v l,t)\ 2 ' 
M 


Therefore it follows that \b\ — id M 2 /4/ is bounded on TIi independently of l, s and 
t, thus we can estimate 

161 ~ ”b)l 2 < c ^ _ 

on IIi where C is independent of s and t. Moreover because the matrix (D,v] s ^ • 
Dj v \ st )) has non-negative eigenvalues we have that 


det(6„ + DiV l (st) 


DjV} .s 
J (s,t) 


)>1 
















16 


T. BEGLEY AND K. MOORE 


so we can estimate 
r \v 


(S,t) - 6 i| 2 exp(-|a:' - 


In, 4/ (4t r/)"/ 2 

I" exp(— \x' — ai| 2 /4Z) 
' ni (47 \l) n / 2 

exp(-|x' — a.i| 2 /4Z) 
ni (47r/) n / 2 

exp(— \x' — ai| 2 /4/) 


< C 

= c 

< c 


1 — exp 


l&i-v, 1 12 


(s,t )I 


4/ 



det(5fjj)cia; / 


*7 


)dx'- Hy 0 ,l)dU r 


f ^( S !*) 


ni 


(47r/) n / 2 


U7 


)dx' — 1 ) + Ciexp(-|7/ 0 | 2 /Ci) 


— i exp(-|x' - ai| 2 /4Z) 


~ C J n I V ^.o r^ V [^iy/2 ' dx ' + C ' exp(-l7 /0 | 2 /C 1 ) 

where we used (15.5j) and the Taylor expansions for the square root and determinant 
functions as discussed in Lemma [8.11 Therefore since 

n 2 < (i&i - < t) i + K t )D 2 < 2(i6i - < t) r+ky 2 ) 

we can estimate 

N 2 < C x (|U( M) | 2 + |Vu* S;t) |) eXp ( ^ nl ^/2 ^^ dx' + C\ exp(—|y 0 | 2 /C'i). 

We want to now control the integral terms on the right hand side. First we observe 
that |ai| > c\yo\ for some constant depending only on P. Moreover for any 0 < l < 1 
we have for any x, a± G M 2n 


\x\ 


4/ 


b\x + ai| 2 + = \x\ 2 I — + 6 + |ai| 2 6 + 2 bx ■ a\ 


4/ 


>N 2 (^ + (-)+W 2 (-^ 

> 6|ai| 2 


| |2 8&2/ | |2 
\x\ - ——-|ai| 


86 / + 1 1 


81 86/ + 1 
and hence for some C\ = C\(D\, D 3 , P) we have 

0 — \x f —a\ | 2 /4Z 


'III 




(47r/) n / 2 



dx' < Ci ( Vs + t\x'\ + e 


-b\x'\‘ 


2 \ e 


'Hi 


— \x'—a, | 2 /4i 


T CiVs + 1 + D 3 f 

Jw 


-b\x'\ 2e 


(47r/) n / 2 

— \x f —ai\ 2 /4l 


-dx' 


(47r/) n / 2 


-dx' 


< 


cWF+t + C! [ e - b \ x ' +ai \ 2e - 


-|x'| 2 /4 1 


(47r/) n / 2 


dx' 


< C 1 V^Tt + Cie- |ai|2/Cl 

< C'lVFTt + C'ie"^ 012 / 01 . 


e -hT/8' 

(47r/) n / 2 


c/V 
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Similarly we can estimate 


\ v l,t)\ 


< C 1 ({t + s)\x\ 4 + e~ 2blx ^ 


using f!5.4p . So an entirely analogous calculation establishes the estimate 



p~\ X ' ~ a l \ 2 / 

2y_ 

(4nl) n / 2 


dx' < Ci 


(( s + t) + 


?-\yo\ 2 /Ci 


Therefore choosing S 2 and 5 2 depending on D\, D 2 , P, tq, v and b we have that for 
all s < S 2 and t < 5 2 we have 


bi = dist(r/ 0 , P) < v + C\e \ y °\P Cl 


We next want to show that, possibly by increasing or decreasing rr, si and hi if 
necessary, that we also have the estimate 


&?(l/o,r) < 1 + | + v 


for any r < 2. We have 


O?(yo,r) = 


(47T r 2 ) n / 2 


exp 


\x - Vo\‘ 
4^*2 


dW 


|x- yj2(s + t)y Q \ 

l L s (4tt(2(s + t))r 2 ) n / 2 eXP ^ 4r 2 (2(s + t)) 

— ®t(V- 2( s + t)v<h a/2(s + t)r ) 

— ®o('\/2( s + P)yoi \/2(s + t)r 2 + t) 


dU r 


exp 


~\x ~ y/2(s + t)y 0 \ 


l L s (47t(2(s + t)r 2 + t)) n / 2 

1 f-\x-y 0 


/ s(s , t ) (47r(r 2 + l)) n / 2 
$(yo,l + r 2 )d'H 


exp 


4(1 + r 


4(2 (s + t)r 2 + t ) 
2 ' 

' dW 


dU r 


'sou 
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Therefore by splitting up the integral as before and estimating exactly analogously 
we have 


(?/0) r ) < 




$(1/0, l + r 2 )dH n + C'i exp 


-\yo \ 2 

Ci 


exD I -W~ a i\ 2 


< 


I IP 


(4tt(Z + r + 2))"/2 \/ det( ^ + + Cl ex P 


-bo I 
C, 


< 1 + c\ 


— Ix'—ail 2 
eX Pl l(l+r*) 


in 1 


|V ^) | (4 7r (/ + r 2 ))C2^ / + ^ ex P 


-bo 


< 1 + Ciy/s + t + Ci / e 


— lx'—ai| 2 


dx + Ci exp 


■bo 


Ci 


(47t(/ + r 2 )) n / 2 

= l + C 1 \A+t + C 1 [ + 

V (47t(/ + r 2 )) n / 2 V Cl 

We want to estimate the exponential terms and pull out an exponential factor in 
lad so we estimate 


b\x + ai |" + 


x 


4 (l + r 


21 - 


> bl 


,4b(l + r 2 ) + 1 
4(7 + r 2 ) 
86 2 (/ + r 2 ) 
85(7 + r 2 ) + 1 


+ 6|ai| 


8 b(l + r 2 ) + 1 
8(7 + r 2 ) 






%i| 


8(7 + r 2 ) 85(7 + r 2 ) + 1 


> 




+ 


°i 


8(1 + r 2 ) ' Ci 

where we used the fact that l and r are both bounded independently of s and t. 
Therefore putting this together we have 

r 0 -|i| 2 /8 (i+r 2 ) 

;dx + Cie-^1 2 ^ 1 


e?(j/o, r) < 1 + CiV^+I + Cie-I^l / Cl 

J 

< 1 + CivTTt + c ie ~ M2/Cl . 


(4n(l + r 2 )) n / 2 


Evidently an appropriate choice of ri, S 2 and 82 yields the required result. 


□ 


The following two Lemmas show that we have additional control in annular re¬ 
gions, specifically on normal deviation, curvature, Lagrange angle and the primitive 
for the Liouvillc form. 

Lemma 5.5. Let F t s : L s —* M 2 " be the normal deformation such that Lf = Ff(L s ). 
We also define Ff (2(s + f)) _1 / 2 F/ so that L s t = F t s (L s ). Then there exist r 2 , S 3 , 
s 3 and K < 00 such that if t < S 3 and s < s 3 then 


F°(x) - Ff(x) 


< K 


whenever Fq(x) G A (r 2 , (s + t) 1//8 /4) . 
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Proof. By the proximity lemma 15.41 we may choose r 2 > 1, 8 % and S 3 such that if 
t < 5 3 and s < S3 then 

0 *(x, r) < 1 + e 


for all r < 2 a/2 (s + t) and x £ A ^t 2 a/2(s + t), V2(s + 
regularity theorem we can find a C such that 

dF t ‘(p ) 


dt 


, C 

^* 7 !’ 


Hence by White’s 


whenever Ff(p) G A ^2r 2 -\/2(s + t), a /2 (s + t)(s + i) 1 ' /8 /2^. Therefore, choosing a 

larger r 2 and smaller S3, £3 if necessary we obtain by the fundamental theorem of 
calculus 

\Ffo) - FS(p)\ < f‘Pd S = 2 CXt 
Jo V s 

whenever 

U(p) 6 A (r 2 (2(a + i)) 1/2 , (2(s + «)) 1/2 (s + i)- 1/8 /4) 
which establishes the result. □ 


Lemma 5.6. There are 64 > 0 and S 4 > 0 such that for 0 < s < S 4 and t < 64 
( 5 . 6 ) lA'WI + WMI + lA'MI < Vx e i;ni(i/3.3) 


Proof. The estimate is clearly true for t — 0 by assumption (H2). Moreover, by 
(H4) we can assume that for s sufficiently small, each of the L s is the graph of a 
function with small gradient in the region .4(1/4,4). Applying Lemma [8.11 we fold 
that L s remains graphical with small gradient in 4(2/7, 7/2) for some short time, 
which implies that \9^\ < C for h 4 chosen small enough. 

That | A s t | is bounded follows from Lemma l8.ll and Corollary 18.41 since Lemma 
18.11 implies small gradient for a short time, which allows use to apply Corollary 18.41 
to get uniform curvature bounds for some short time in 4(1/3, 3). 

Since \6f \ and |A*| are both bounded, we have from the evolution equations of fd'l 
that 


dt 


< 


(Jx, H) +2\e s t \ <c. 


Hence for some suitable short time, |/3 t s | also remains bounded in 4(1/3, 3). □ 


The last of the technical lemmas in this section uses the monotonicity formula of 
Section [3] to show that after waiting for a short time dependent on s, we can fold 
times at which the scaled flow L s t is close to a self-expander in an L 2 sense. We later 
use this in the proof of the main theorem to get estimates on the density ratios via 
the stability result. 


Lemma 5.7. Let a > 1. Let q\ be as given by Lemma \5.3[ and set q := qi/a. Then 
for all 7 ] > 0 and R > 0 there exist 5$ > 0, s 5 > 0 such that for all s < s 5 and 
qs < T < S 5 we have 


1 

(a - 1)T 



2 dU n dt < rj. 
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Proof. Fix R > 0, 77 > 0. Suppose s < s 5 and qs < T < <5 5 , with <f 5 and S5 yet to 
be determined. Furthermore, we set T 0 := R 2 (s + aT ) + oT. Throughout the proof, 
we denote by C a constant which depends on a, R and q, but not on T or s. We 
estimate 


1 r aT r 

(a — 1)T J T Ju 


I H — x J ~\ 2 dV n dt 


n b r 

r aT 


(5.7) 


(a — 1)T J T 


(2(s + 1 )) 


-n/ 2-1 


|2(s + t)H — x ± \ 2 dRL n dt 


L t rB Ry/ 2 (s+t) 


Now supposing that s 5 and <5, 5 are small enough we can ensure that R\j2(s + t ) < 2. 
Moreover on B R ^^~ t - we have 


(To - t) n/ Vo.T 0 (^, t) = j^j- 2 exp (- 


\x\ 


> 


(47r) n / 2 


exp 


4(T 0 - 1) 
R 2 2(s + t) 


4(T 0 - 1) 


1 ( 1 
> --:-— exp 


( 47 t )”/ 2 

hence we continue estimating (15.71) using the localized monotonicity formula of 
Lemma 13.21 (0 denotes the cut-off function given in that lemma which is 1 on B 2 
and 0 outside of Bf) 


(ESP < 


C 

T 

C 

T 


raT 


(s + f)- (n+2)/2 (T 0 -f) n/2 / </>\2{s + t)H-x L \ 2 p 0>To dH n dt 

|0/ + 2(s + t)6l\ 2 poj'gd'H' 1 dt 


n r aT 

< / (s + T)- (n+2)/2 (T 0 - T) n / 2 


' L|nA(2,3) 


c. 


(5.8) + -(s + T)-^ +2 )/ 2 (T 0 - T) n > 2 / 0|0f + 2(s + T)e s T \ 2 po, To d'U n 

1 Jl s t 

Now using the localized monotonicity a second time we have the estimate 
d 


J t I m + 2(s + t)0 s t \ 2 p o ,T O dn n <c 


LfnA(2,3) 


I Pt + 2(s + t)0f | Po^dT-L 


0| Pt + 2(s + T)O s T \ 2 p 0 , To dn n < / 0100 s + 2s6 s 0 \ 2 Po ,T 0 d'H 


+ C 


/ 0 J LfnA(2,3) 


10 s + 2(s + £)0®| p 0jTo d'h n dt 


so 
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hence 


(E2D < 
(5.9) 

Now T 0 


^(s + r)-^ +2 V 2 (r 0 - T) n ' 2 f <j>\2s9 s 0 + f3 s 0 \ 2 p 0> T 0 dU n 

J L 0 

paT p 

■f 7 ={s + r)- (n+2)/2 (To - T) n/2 / / |2(s + t)9 s t + ^\ 2 Po,T 0 dn n dt. 

1 Jo J L|nA(2,3) 

- T < C(s + T), with C depending only on i? and a, so 

£3 < ^l 2s@ o + K\ 2 po,tJ-h" 

+ ^ / [ |2(s + t)e? + %\WT<,<nedt 

1 I s + 1 ) Jo J L|nA(2,3) 

= 1/1 + 5 


We first estimate 5, for which we make use of the estimate of Lemma [5.61 
C((s + aT) + l ) 2 f aT f 


B < 


< 


T(s + T) J o J L | 

C((s + aT) + l) 2 f aT f 


nA(2,3) 


Po,T 0 dJ-L n dt 


T(s + T) J 0 J L 
C((s + aT) + l ) 2 /,oT 


r(* + r) ./o 


DA(2,3) 

(To -1) 2 


I ^ 1 4 Po,To dJH, n dt 


'(To-t)- 1 /2(L|nA(2,3)) 




(5.io) <+k±+ktLf T 3 sup f 

T(s + T) te[ 0 ,aT] J (Tq— t) _1 / 2 (I/|nA( 2 , 3 )) 


a ;| 4 exp 




<27T 


We note that T 0 < (R 2 {l/q + a) + a)T = CT, T 0 < C(s + T) and T 0 > R 2 (s + aT) 
so we can estimate 

(15.101) < C(T 0 + 1) 2 T 0 sup f |x| 4 exp f— dH n 

te[0,aT] J (To— l) _1 / 2 L|nA(2,3) V 4 / 

< C(T 0 + 1) 2 T 0 


where we can estimate the supremum by a uniform constant because L s t all have 
bounded area ratios with a uniform constant. Moreover T 0 < R 2 8§(l/q + a) + aS 5 
so that by possibly decreasing 2 > 5 we can ensure that B < 77 /2. 

We next estimate A, 

(5.11) 51 < T— f \2sS‘„ + (l‘ 0 \ 2 p„. T „dH’‘dt 

1 \ s + 1 ) Jl s 0 cb 3 

First recall that if /3 s is primitive for the Liouville form on some L s , then /3f := l~ 2 (3 s 
is primitive for the Liouville form on l~ l L s . From here on we surpress the subscript 
0 of the (3 s and 6 s since we only ever integrate over the manifolds L s 0) and we instead 
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use a subscript l to denote the rescaling factor of the /3 s . We define 


l := \/ 2 (s + T ) 


cr : = 


s 

s + T 


then 


flEEED = 


C(s + T) 


T 


h-i(Lgns 3 ) 


\u0 s 4 - (3 s | p 0 j- 2 To d'H n dt 


< C 


\cr9 s + f 3 s \ 2 p 0 ) i- 2 To dW 


since T > gs, so we can absorb (s + T)/T into the constant. Define 


F(s,T) := / k^ + A1 2 Po,i- 2 TorfH n . 

7/-i(Lgns 3 ) 

Notice that from the definition of To we can find C > 0 independent of T and s 
such that l~ 2 T 0 G [C _ 1 ,C]. We want to show that by possibly again decreasing S 5 
and 65 , we can ensure 

F(s,T) < p/ 2 . 

Seeking a contradiction, suppose that this is not the case. Then we can find se¬ 
quences Si and T, ; both converging to 0 with qsi < and such that 

F(si,Ti ) > p/ 2 . 


After possibly extracting a subsequence which we don’t relabel, we may assume that 
l/ 2 T 0 —* T\. We split the rest of the proof into two cases. 

Case 1: Suppose that (after possibly extracting a further subsequence) we have 
that (ji —y cr > 0. Then by (H3) we have 


/ — I T Si _ 1/2 r Si 

L i — a i 


—> a 


i/ 2 s 


in C 1,a . Therefore we have 


lim F(T U Si) 

i —^00 


lim [ I < 7 id Si + (3 / 1 

^°° Ja^L^nl^Bs 


Po,it 2 t 0 


dU n 


= lim a 2 [ \9 Si +p Si 

l ^°° J L s 0 i n(2s i )- 1 / 2 B 3 


Po,i- 2 *- 1t o 


dH r 


0 


because 1 9 Si + (3 Si \ is bounded by D 2 ( 1 + |x| 2 ) on B 3 , 2si )- 1 / 2 > which means that since 
l// 2 a// l T 0 —y a~ l Ti > 0 the contribution to the integral outside some fixed large ball 
is small uniformly in i. Moreover by (H3) we have lim^,*, 1 9 Si + [3 Si \ 2 = 0 locally, so 
inside this large ball the integral can be made as small as desired. 
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Case 2: Suppose now that, again after possibly passing to a not relabelled subse¬ 
quence, <Ti 0. Then 


lim / 

^°° Ji 7 \L^nB roV ^) 


1 + /3 h '\ p 0 >l - 2 To dH 


= lim / 

J<r 1/2 L‘L i nB 


aid ‘ + /^.j Poi- 2r p 0 d'H 


i 0 rQy/ai/2 


= lim a~ 


' L ^ B r 0 / V 2 


\V s '+P s rPo^T 0 dU n = 0 


because | d Si + (3 Si | 2 —> 0 locally, and p is bounded. So to estimate lim^oo F(2j, Si) 
we need only control the integral in the annulus A(r 0 y / 'a i / 2 , 3/” 1 ). We first notice 
that by (H4), provided i is large enough, l~ 1 L Si fl4(ro\/cr^/2, 3/” 1 ) is graphical over 
P, and if ly is the function arising from this decomposition we have the estimate 


Vi(x')\ + |a/||Vui(y)| + |x'| 2 |V 2 i>i(x')| < D 3 



_|_ (J 1 / 2 e - b h , | 2 /2o-i 


In the graphical region, the normal space to the graph is spanned by the vectors 
rij := (—’Vvf, ej) for j = 1 ,... ,n where denotes the vector in M n whose jth entry 
is 1, and all other entries are 0, and vj is the jth coordinate of v l . Then given an 
orthonormal basis for the normal space V \,.. . v n we have Vj = X]fc=i a jk' n k so it 
follows that 

n 

i^i < \( x i n i)\ 

3 = 1 

where C depends only on the ay fc . Now 

(xprij) = ((x',Vi(x')), (-Vvl,ej)) 

= ~(x', X7v{(x')) + vj(x') 


from which it follows that 


lor 1 ) < C (|uj(V)| + |x , ||Vu i (a/)|) . 

Therefore 

(5.12) |V/?f| = |A| < C (l, |if + y / j. 

Using this estimate we can control jj 5 ' independently of i on the annular region 
A(r 0 sJa.i/2, 3/j 1 ) C\l~ l L Si . Indeed suppose that x £ A(r 0 \fa\j 2, 3/j 1 ) Al~ l L s \ then 
there is a corresponding x' £ A(r 0 \/a^/2, 3/ j 1 ) n P such that x — x' + Vi(x'). Define 

/ Lo y/ai ! / , / t \ 

X, := —A - x and Xi := x ,• + vAxA. 

V2\x'\ 

Note that x^ of course depends on the original choice of x as well as i. We may now 
define a curve in L Si by setting 

lif) := x[ + t(x' - xt) + v^xt + t(x' - x')). 
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By the fundamental theorem of calculus we can write 

Pi-( x ) = Pk( x i) + J 

<Pt i {x i )+ f |V/3f;(7(t))||7'(t)|dt 
Jo 


now 

| 7 '(£)| < \x' — x[\ + iVujUx' — x[\ < C\x 


so 

A?0) < P%(xi) + C\x\ [ lilx'i + t(x' - x')| 2 + a\ /2 dt 

Jo 

< Piiixi) + C(li\x\ 3 + af 2 ). 

Now Pi'ixi) = <Jij3 Si (ay 2 Xi), moreover since |ay| is bounded independently of i or 
the original choice of |x| we have 

lim p Si (a l J 2 Xi) + 0 Si (al /2 Xi) = 0 

i—> oo 

uniformly in x. Thus 

lim Pf'(xi) = — lim c>id Si (a l J 2 Xi) = 0 

i—> oo * i—>oo 


uniformly in x as 9 Si is bounded and <7j — > 0. Therefore we may bound the term 
Pi{xi) by some sequence with —* 0. Consequently we have the estimate 

IA?( X )I < C (^|z | 3 + <r 1 / 2 |x|) + bi 

on A(r 0 ^cri/2 : 3/l 1 ) D If 1 , hence 


lim F(T U 

i—> oo 


lim [ 1 ^ 0 * +ft 

JlT 1 LHnA(r oy fTj2,3ir 1 ) 


Po,i~ 2 t 0 


dU n 


= lim 

i—> oo 


/ x x I -Pk I Po,i- 2 T 0 d'H r 

hr 1 L«inA(r 0 - N /a/2,3Jr 1 ) 


< lim C(lj + (Tj + b 2 ) 

2 —>-oo 



(M 6 + |x| 2 + l)p Ql -2 To dU n 


0, 


where we again used the fact that l~ 2 T 0 —>■ Ti > 0, so that outside of some large ball 
the contribution to the integral is very small. This limit being zero is a contradiction, 
so we are done. □ 


We may now embark on the proof of Theorem 15.11 Changing scale, to prove the 
main theorem it would in fact suffice to show the following (which is very slightly 
stronger due to the bound on the scale of the density ratios) 

Theorem (Rescaled main theorem). There exist sq, and r such that if t < do, 
r 2 < t and s < sq, then 

Ot(x 0 ,r) < l + £ 0 
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for all xq with |x Q | < (2(s + t)) 1 ^ 2 . 

If we set r := g 1 /(2(q , 1 + 1)) where q\ is as in the short-time existence lemma, 
then the rescaled version of the same lemma tells us that 

Lemma (Rescaled short-time existence). If s < s\, t < qis and r 2 < r then 

®t(yo,r) < 1 + £ 0 

l!/ol<(2( S + i))- 1/2 . 

and similarly the rescaled far from the origin estimate tells us that 
Lemma (Rescaled far from origin). If r 2 < r and q\S <t<5\ 

® S t(yo,r) < 1 + £ 0 

whenever K 0 < \y 0 \ < (2(s + t))~ 1 ^ 2 . 

Thus to prove the rescaled main theorem, it suffices to show that for appropriately 
chosen So,do and r the following holds true: if r 2 < r, s < So, f < do and t > q\s 
then 

®*(2/o, r ) < 1 + £0 

whenever |t/o| < K 0 . This is what we now show. 

Proof of Theorem \5. 1[ Define for each 

T s : = sup |r|© t s (7/ 0 ,r) < 1 + £ 0 Vr 2 < r,t <T, |y 0 | < ^ 0 } • 

We now claim that we can find 5q > 0 and so > 0 such that T s > 5 0 for all s < sq. 
Indeed, with r defined as before, we choose a > 1 with a < (1 + 2r). Let C be the 
constant of Brian White’s local regularity theorem, and set 

s := c dW±pj 

\/«l(o - 1) 

We next let r 3 := max{r 0 , r 1; r 2 ,1}, where r 0 , r 1; and r 2 are as in, respectively, 
the construction of the approximating family, Lemma 15.41 and Lemma 15.51 Let 
R := a/ 1 + 2giA ' 0 + r 3 , and £ = £(S,£ 0 ,a) as given by Lemma 18721 We apply the 
stability result, Theorem 14.21 with R — R; r — r 3 ; C — max{ Ci,C} the constants 
from Lemma 15.41 and the construction of the approximating family respectively; 
M = C;r = r;S = S and e — e. Thus we obtain R > R, rj > 0 and u > 0 as in 
the theorem. Apply Lemma 15.71 with r) — rj/2 and R = R. This gives S 5 and £5 such 
that the lemma holds. Next apply Lemma [5.41 with v to obtain s 2 and J 2 . We now 
let so := minjsi, s 2 , s 3 , S 4 , S 5 } and <5o : = min{<5i, <5 2 , S3, 64, 5s}. We finally possibly 
decrease s 0 and 5 0 slightly to ensure that 

(so + 60 ) 1 ^ 8 > 2 R. 

This will ensure that in the annular region A(r 3 , R) we have all of the estimates of 
the intermediate lemmas of this section. We now claim that these So and do are the 
required constants. Specifically we claim that for all s < s 0 we have T s > d 0 . Indeed, 
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suppose that this were not the case and that for some s < so we have T s < <5 0 - Define 
T := T s ja, then since T <T S we have for all t G [T, T s ) 

< 1 + e 0 

for all r 2 < r and x G Bk 0 . In fact, as has already been observed, the same is 
true for all |x| < (s + so in particular for all |x| < 2 R. Let Lf denote the 

Lagrangian mean curvature flow with initial condition L S T . Then it is easy to verify 
that 

U = vT+2/4^„ 

where a 2 = 2 (s + T). This implies the density ratio control 


&i(x,r) < 1 + e 0 , 


for all l such that T + cr 2 l G [T,T S ), r 2 < r and x G £> 2/ y By the local regularity 
theorem of Brian White this means we get curvature bounds of the form 

|if| < 1<t, on B r , 

or, scaled back to the original scale this means 


IA S I < 


c 

y/t=T' 


on B aR for all t < T s with T < t < T + 2(s + T)r = (1 + 2 r)T + 2 ts. Notice in 
particular that 

T s = aT < aT 0 < (1 + 2 r)t 0 + 2 ts, 

so the above estimate always holds up to time T s . Let t 0 := T(a + l)/2. Then 


Kl< 


CyJ2 

cj 2( o+ 3) 

V a—1 

V( a ~l)T 

\/( a + 3)T 

/ 2(a+3) 

/ 2(a+3) 

V a— 1 

V “- 1 


< 


c 


V 2 (t 0 + s) 


on B a f v where we C is defined as before. Similarly, if t > 0 is such that to +1 < T s 
then 


|A 




< 


CV 2 


c 


< 


2(q+3) 
a— 1 


{cl — 1)T + t ^/(a + 3)T + 2 1 

C 


C 


2(a+3) 
a—1 


< 


y/ 2 (t 0 + T + t) y/2 (to + t + s) 
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In other words, for each t G [to,T s ) we have 

IA1 < ^ 


011 B aW 


which implies that for each t G [to, T s ) we have 

|i||<C 

on Bp. Applying Lemma [5TTI we may select t\ G [to,T s ) with 


/ |#-ar L | 2 d?^ n <77. 

Condition (iv) of Theorem 14.21 holds for L® by Lemma 15.41 and condition {ii) holds 
by definition of T s as t\ <T S . Hence by Theorem 14.21 we know that Lf is £-close to 
S in C 1,a (Bp). Redefine L'J to be the Lagrangian mean curvature flow with initial 
condition Lf , then Lemma [8.21 savs that 

Q s t (x,r) < 1 + £ 0 r 2 , l < q 1 

for |x| < R — 1. By definition of R this means that the same is true for |x| < 
\/l + 2qfK 0 . Rescaling this is equivalent to 


~ / X V \ 

0 i 1 +2(s+t 1 )Z ( k JY+TV vTT2 l) - 1 + £o 

for r 2 , l < q\ and |x| < y/l + 2q^K Q . Or in other words 

0t(x,r) <l + £ 0 

for r 2 < qi/(l + 2 qi) = r, |x| < K 0 and H < t < (1 + 2g 1 )t 1 + 2 qis. However, 
(1 + 2qi)ti + 2q\s > at\ > aT = T s , a contradiction. □ 


6. Short-time Existence 

In this section we prove the following short time existence result using Theorem 

EU 

Theorem 6.1. Suppose that L C C n is a compact Lagrangian sitbmanifold, of 
C n with a finite number of singularities, each of which is asymptotic to a pair of 
transversally intersecting planes P\ + P 2 where neither P\ + P 2 nor P\ — P 2 are 
area minimizing. Then there exists T > 0 and a Lagrangian mean curvature flow 
(L t )o<t<T such that as t \ 0, L t —^ L as varifolds and in Cff c away from the 
singularities. 

Proof. For simplicity we suppose that L has only one singularity at the origin. 
The case where L has more than one follows by entirely analogous arguments. By 
standard short time existence theory for smooth compact mean curvature flow, for 
all s G (0, c] there exists a Lagrangian mean curvature flow (Lf)o<t<r s with T s > 0. 
We claim that there exists a T 0 > 0 such that T s > T 0 for all s sufficiently small, and 
that furthermore, we have interior estimates on \A\ and its higher derivatives for all 
t > 0, which are independent of s. By virtue of Lemma [8.11 we can apply Corollary 
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18.41 on small balls everywhere outside Bi/ 3 to get uniform curvature bounds outside 
of Bi /2 up to time min{T s , 5} where 5 > 0 is independent of s. Uniform estimates on 
the higher derivatives then immediately follow by standard parabolic PDE theory. 
To obtain the desired bounds on Bi/ 2 we use Theorem 15.11 Let Eq > 0 be the 
constant of Brian White’s local regularity theorem. Then Theorem 15.11 says that 
there exist so, <5o and r such that for all s < so, t < 5 0 and r 2 < rt we have 

©t(x 0 , r) = 0 s (x, t + r 2 ,r)< 1 + e 0 . 

This implies that for all s < Sq, t < 6 0 and r 2 < rt we have 0 s (x, t,r) < 1 + e. 
We now fix s < s 0 , t 0 < inin{<5o, T s }, and p < min{l/4, \/to}. Then it follows that 
B 2p (xo ) C Bi, and furthermore that 

0 s (x,t, r) < 1 + Eq 

for all r < rp 2 , and (x,t) G B 2p (xo) x (t 0 — p 2 ,t 0 ]. Then it immediately follows from 
White’s theorem that 

\A\ < ° 

\/t - t 0 + p 2 

for all (x, t) G B p (x o) x (f 0 — p 2 ,to], where C depends only on r and Eq. These 
estimates are then uniform in s for s < So- Moreover, these curvature bounds, along 
with those outside of the ball Bi/ 2 , imply that T s > min{5, 5 0 }- 
Because the estimates are independent of s, they pass to the limit in the varifold 
topology when we take a subsequential limit of the flows and so we obtain a limiting 
flow (L t ) 0<t< T o , for which L t —* L as varifolds. 

Note that away from the singularities, we can obtain uniform curvature estimates 
on |/L| thanks to Corollary 18.41 so it follows that ( L t ) attains the initial data L in 
Cfoc away from the singular points. □ 

7. Construction of Approximating Family 

In this section, we consider a Lagrangian submanifold L of C n with a singularity 
at the origin which is asymptotic to the pair of planes P considered in Section [4j We 
approximate L by gluing in the self-expander E which is asymptotic to P at smaller 
and smaller scales in place of the singularity. We will show that this yields a family 
of compact Lagrangians, exact in LU, which satisfy the hypotheses (H1)-(H4) given 
in Section [5] which are required to implement the analysis in that section. 

Since L is conically singular we may write L n i ? 4 as a graph over P D T > 4 (possibly 
rescaling L so that this is the case). We may further apply the Lagrangian neigh¬ 
bourhood theorem (its extension to cones was proved by Joyce, [7], Theorem 4.1]), 
so that we may identify LnB 4 with the graph of a one-form 7 on P. Recall that the 
manifold corresponding to the graph of such a one-form is Lagrangian if and only if 
the one-form is closed. 

Moreover, since we have assumed that L is exact inside R 4 , there exists u G 
C°°(P D .£> 4 ) such that d u = 7. Since we know that 7 must decay quadratically, we 
can choose a primitive for 7 which has cubic decay, i.e., 

(7.1) |V fc u(x)| < U|x| 3-fc . 
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We saw in Theorem 14. 1 1 that there exists a unique, smooth zero-Maslov self-expander 
asymptotic to P. We may also identify the self-expander outside a ball of radius 
v o with the graph of a one-form over P and, since a zero-Maslov class Lagrangian 
self-expander is globally exact, there exists a function v G C°°(P\B ro ) such that the 
self-expander is described by the exact one-form if) = du on P\B ro . Further, Lotay 
and Neves proved m Theorem 3.1] 

(7.2) IMIc*(p\B r ) < Ce ~ br2 for all r > r 0 . 

We will glue E s := \[2 sE into the initial condition L to resolve the singularity. Our 
new manifold, L s , will be the rescaled self-expander E s inside -B rov /the mani¬ 
fold L outside B 4 and will smoothly interpolate between the two on the annulus 
A(r 0 \/2s, 4). 

To do this, we will glue together the primitives of the one-forms corresponding to 
these manifolds, before taking the exterior derivative. This gives us a one-form that 
will describe L s on the annulus A(tq\/2s, 4), which ensures L s is still Lagrangian and 
is exact in B 4 . We will then show that this family satisfies the properties (H1)-(H4). 
Let <p : M + — > [0,1] be a smooth function satisfying ip = 1 on [0,1] and cp = 0 on 
[2, 00). Consider the one-form given by, for ro\/2s < |x| < 4, 0 < s < c 


(7.3) 


7 s(x) = d w s (x) = d 


ip(s l ^\x\)2sv{x/y/2s) + (1 — ip(s 1 A\x\))u(x) 


1 


where we have that roV2s < s 1 / 4 < 2s 1 / 4 < 4 holds for all s < c. Notice that 
in particular we must have c < 1. Then 7 s (t) = 'ips(x) := y/2sij}(x/y/2s), the 
one-form corresponding to the rescaled self-expander for |x| < s l A and r y s = 7 
for |x| > 2 s 1 A. Notice that since 7 ^ is exact, it is closed and therefore its graph 
corresponds to an exact Lagrangian. 

We define L s by 

• l s n B roy/ ^ = E s n B roy/Ts , 

• L s Pi A(r 0 y/2s, 4) =graph 

• L s \B 4 = L\B 4 . 

We will now show that L s satisfies (H1)-(H4). 

For (HI), notice that both the self-expander and the initial condition individually 
satisfy (HI), and so for the rescaled self-expander, we have that 

?T(E S n b r ) = ?T((\/2iE) n Br) = ( 2 s) n / 2 n n (L n b r/V ^) 

Since L s interpolates between and L on a compact region, L s satisfies (HI). 

We see that (H2) is satisfied because the Lagrangian angle of the initial condition L 
and the self-expander E are bounded, as is that of the rescaled self-expander by 
Lemma [3711 (i) and the maximum principle, since the Lagrangian angle of P is locally 
constant. When we interpolate between the two, we may consider the formula for 
the Lagrangian angle of a Lagrangian graph, as seen in [I, pg. 5]. This tells us 
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that a Lagrangian graph in C n (over W 1 ) given by (or, x n , ui(x ),..., u n (x)), where 
rt : M n —)• M, Ui := has Lagrangian angle 

0 = arctan A*, 

where the Ads are the eigenvalues of the Hessian of u. Since the eigenvalues of the 
Hessian of u are some non-linear function of the second derivatives of u, if the C 2 
norm of u is small we have that the Lagrangian angle of the graph is close to that 
of the Lagrangian angle of the plane that u is a graph over. So we can uniformly 
bound the Lagrangian angle of the graph. Since in our case, the Lagrangian angle 
of 7 S is given by the sum of arctangents of the eigenvalues of the Hessian of the 
function w Sl and, as we will show when we prove (H4), the C 2 norm of w s is small, 
this means that we can uniformly bound the Lagrangian angle of the graph 7 S , and 
so the Lagrangian angle of L s . 

On the initial condition, since A = Jx, we have that d Pl = A| l = ( Jx) T . There¬ 
fore, Pl is bounded quadratically, and so is the primitive for the Liouvillc form of 
L s \B(2s 1 / 4 ). On the self-expander, applying the maximum principle to Lemma [3. II 
(ii), we have /3 S (the primitive of A|sJ is bounded by /3p, and so |/3 s (x)| < \{3p(x)\ < 
C|x | 2 for |x| < s 1/4 . So it remains to check this still holds where we interpolate. We 
perform a calculation similar to that in the proof of Lemma l3.1f ii). We have that, 
for L s t the manifold described by the graph of the one-form tdw s , 

-^A|l| =: £jv«! S A|l| = d(JV wsjAIl!) + JVw s jdA|Lf- 

Since dA = co and JX7w s au> = du> s and possibly adding constant to Pl dependent on 
s and t, we have that 

dd s 

-rf = -2 w s + (x,X7w s )\ L s 
at t 

where d/3 t s is equal to the restriction of the Liouville form A to graph of t^ s . Inte¬ 
grating, we find that 

P s = Pp ~ 2 w s + [ (x, Vw s )\ L s d t, 

Jo 

where Pp is the primitive for A on P. Now, w s is bounded independently of s by 
D( 1 + |x| 2 ), using (17.11) and (17.21) . as is (x,X7iv s ), using Cauchy-Schwarz and the 
estimates (17.ip and (17.21) so we find that P s is bounded independently of s on the 
annulus ^(s 1 / 4 , 2s 1 / 4 ). Therefore, we have that 

|6* s (x)| + |/3 s (x)| < D 2 (\x\ 2 + 1). 

and so (H2) is satisfied. 

To show that (H3) is satisfied, recall that we define L s as L s nB ro ^ = E s flH rov ^, 
L S \B 4 = L\B 4 and we interpolate smoothly between the two, which exactly happens 
when s 1/4 < |x| < 2s 1//4 . Therefore when we rescale by l/\/2s, we have that 
L s fl B ro = E. So it remains to check convergence outside this ball. 
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On the annulus ro < |x| < 4/\/2s, L s is identified with the graph of the following 
one-form 


ls{x) = d 


y(s 1,A \x\)v(x) + (1 - ^\x\))^^ 


From this expression, noticing that 


< C {2s)3/V = cVTsx, 

2 s ~ 2 s 

we see that as s —* 0, 7 S — > dr; = i/j, the one-form whose graph is identified with £. 
This says that, outside B ro , L s —> £ as s —* 0 smoothly. Therefore we actually have 
stronger than the required C'/ 0 “ convergence. 

Finally, we check that the second fundamental form of L s is uniformly bounded 
in s. We have that the second fundamental form of £ must be bounded, and 
if A is the second fundamental form of L, rescaling L by l/\/2s means that the 
second fundamental form scales by \/ 2 s. Since \pls < 1, we can uniformly bound 
both second fundamental forms so that L s , which is a combination of both £ and 
l/V 2 sL, has second fundamental form uniformly bounded in s. 

To see (H4), first notice that since we can write L s D A(ro^/2s,4) as a graph over 
P D A(r 0 \/ 2 s, 4), we have that L s has the same number of connected components 
as P in the annulus A(r 0 \/2s, 4). 

We now must estimate %. Firstly, note that we have 

(7.4) |V fc (u(^/V2^))| < | (2s)~ k/ ' 2 (V k v)[xjV2s) \ < C(2s)- k/ 2 e~ blxl2/2s , 


where we have used (17.21) . 

We will need different estimates on 2s'V 2 v(x/\/2s ) and 2sX7 3 v(x/\/2s), which we 
find as follows. 


\2sS7 2 v(x/V2s)\ < Ce~ b ^ 2/2s = \*\_ e -b\x\*/2s 

\x\ y/2s 


(7.5) 


= C 


V2S _6| x |2/ 2s I 


\x\ 


_ e -6|o:| 2 /2s Q c -b\x\ 2 /2s 

VTs _ N 


where b = b/2 and C = Ce l / 2 /\/b 1 since the function y ha ye by2 / 2 is bounded 
independently of y (by e _1//2 / Vb) on M, and so C is independent of s. 

A similar calculation, this time noticing the uniform boundedness of the function 
y i —y ye~ by / 2 for y > 0 we can show that 


(7.6) 


2sV 3 u(a;/v / 2s)| < C 



b\x\ 2 /2s 


) 


where we make C (which remains independent of s) larger if necessary and b smaller 
(which does not affect the previous estimates). 

We have, using the definition in (17.311 . 

1 7 S | = \Viu s \ = |(^'(s^ 1 ^ 4 |a:|)2s 3 / 4 u(a:/V / 2s) + (^(s _1 ^ 4 |x|)2sV[n(a;/\/2s)] 

— s _1//4 (^ / (s _1 ^ 4 |x|)-u(a;) + (1 — <^(s~ 1//4 |a;|))V'u(:r)|, 
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and, using that s 3//4 = a/ss 1 / 4 < y/s since s < 1, (17.11) and (I7.4[) imply that 
| 7s | < y/2~sCe~ b \ x \ 2/2s + y/2~sCe- b \ x \ 2/2s + C'|a;| 3 - 1 + Cjx| 2 


(7.7) 



where we have made C larger. 
Now consider 


|V 7s | = |V 2 'U 7 | = |<^''(s~ 1 / 4 |x|)2,s 1 / 2 u(x/\/2s) + ip'{s~ 1 ^\x\)4:S 3 / A V[v{x/y/2s)] 
+ </?(s _1 / 4 |x|)2sV 2 [i;(x/-\/2s)] — s _1 / 2 v/ , (s“ 1 / 4 |x|)u(x) 

— 2s _1/, V'(s~ 1 / 4 |x|)Vu(x) + (1 — ^(s _1/,4 |x|))V 2 w(x)| 


Using that on the support of </?' and ip" we have (s < 1) yfs < s 1 / 4 < y/2y/2s/\x\, 
and applying the estimates (I7.4[) and (17. 5 p 


(7.8) 


|V 7s | < C 


< c 


y/2S y/2s y/2s 
-r + ^ 


,~b\x\ 2 /2s 


+ Ixl 3 2 + |x| z 1 + lx 


2-1 


X 


X 


X 


y/Ts 


b\x\ 2 /2s 


X 


+ £ 


Finally, performing a similar computation to those above and combining (17.4j) . (17. 5 |) 
and (17.6p we hnd that 

(7.9) 

Combining (17.7p . (I7.8[) and (17.91) . we have that 

| 7s | + M|V 7s | + |x| 2 |V 2 7s | < D 3 (|x| 2 + V^se-^ 12 ^ , 
where D 3 is a constant independent of s. Therefore (H4) is satisfied. 


|V 2 7s | <c 

^ c -b\ x \ 2 /2s ! 1 


\x 2 


8. Appendix 

We collect in the appendix a few technical results about Mean curvature flow in 
high codimension that were used throughout the paper. The first is a graphical 
estimate. Specifically, if the initial manifold can be written locally as a graph with 
small gradient in some cylinder, then the submanifold remains graphical in a smaller 
cylinder and we retain control on the gradient. To state this more rigorously we 
first introduce some notation. The notation and statement of the result are as in [5]. 
Given any point x G W n+k we write x = (x, x), where x is the projection onto R n 
and x is the projection onto R fc . We define the cylinder Cr(x o) C W 1+k by 

C r (x) = {x G R n+fc ||x — x 0 | < r,\x — x 0 | < r}. 

Furthermore, we write B™(x 0 ) = {(x, x 0 ) G R n+A j|x — x 0 | < r}. 
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Lemma 8.1. Let (M t n ) 0 <t<T be a smooth mean curvature flow of embedded n- 
dimensional submanifolds in R n+fc with area ratios bounded by D. Then for any 
rj > 0, then there exists e, 5 > 0, depending only on n, k, rj, D , such that if xq G M 0 
and M 0 D Cflxo) can be written as graph(tt), where u : Bf(x 0 ) —* R fc with Lipschitz 
constant less than e, then 

M t nC s (x 0 ) t G [0, S 2 ) fl [0, T) 

is a graph over Bg(x o) with Lipschitz constant less than p and height bounded by rjd. 
The proof can be found in [5] 

Next we prove that if an initial manifold M is close to some smooth manifold E 
in C 1,a : then one gets estimates on the density ratios that are independent of M. 

Lemma 8.2. Let E be a smooth manifold with bounded curvature and let (. M t )te[o,T) 
be a solution of mean curvature flow. Fix £o > 0, a < 1 . There are £ = e(E, £o, a) > 
0 and qi = gi(E,£ 0 ,oO > 0 such that for every R > 2, if M 0 is £-close to E in 
C 1,a (B R ) then for every r 2 ,t < q\ and y G B R _ 1 we have 

®t(y,r) < 1 + £ 0 

Proof. This follows immediately from Lemma 18.11 Indeed the curvature bound on 
E means that there is a uniform radius r such that for any x G E, E fld r (i) is (after 
maybe rotating) a graph with small gradient. By requiring that £ is small enough 
we can therefore ensure that any M 0 which is e-close to E in C 1,a (B r fx)) is also a 
graph with small gradient. It only remains to apply Lemma [8.11 □ 

8.1. Local curvature estimates for high codimension graphical MCF. In [2] 

Ecker and Huisken proved celebrated curvature estimates for entire graphs moving 
by mean curvature in codimension one, they then localised these in [3] to prove 
interior estimates for hypersurfaces moving by mean curvature flow. Analogous 
results in higher codimension have been proved by Mu-Tao Wang in mi and [ 18] 
respectively. In light of examples of Lawson and Osserman [9j one needs to assume 
an additional l K local Lipschitz condition’, such a condition is in fact satisfied by any 
C 1 manifold at small enough scales, so for our purposes there will be no problems 
applying the estimates. We would like to use the estimates derived in [L83 without 
the time localisation, so we will briefly outline the changes to the proof, though all 
calculations remain analogous to those used by Wang or Ecker-Huisken. We first 
introduce the notation used by Wang in [T71IT8] . We consider a function u : M" —>- M. k 
whose graph in R” x R^ evolves by mean curvature, fl is the volume form of R n 
which we can extend to a parallel form on R n x R fc . As shown by Wang, one can 
calculate that 


■\/det(5y + D,u ■ DjU) vTL=i(l + ^i) 

where X t are the eigenvalues of a/( du t ) T du t . Moreover, for e > 0 small (depending 
only on the dimensions n and k), we have that if 

det(5,j + DiU ■ DjU ) < 1 + e, 
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(this is precisely the K local Lipschitz condition of [18j with K = 1/(1 +e)) then 
satisfies the evolution inequality 

— + — * n|yi| 2 . 

To simplify notation slightly we define g := *fl, then one can estimate (following 

HZ!) 

> A 7 f + ^ — p(p — 1 )ne' S j g p \A\ 2 . 

We also recall the evolution of the second fundamental form under mean curvature 
flow yields the differential inequality 

j t \A\ 2 < A|A| 2 -2|V|A|| 2 + C'|A| 4 , 

where C is a dimensional constant. We see that these estimates precisely tell us that 
we are in the correct setting to apply Lemma 4.1 of pT8]J with the choices h = |A| 
and / = g p . Following the proof of Lemma 4.1 we find that with p defined as 

<p(x) := x/{l — kx) 


with to > 0 to be determined, we have the following evolution inequality for g = 

v(r 2 r )\A \ 2 

(j t ~ A) a < -2CV - (1 _// 2i))2 ivr1 y - ■ v 9 . 

We then introduce the cut-off function £ := ( R 2 — r) 2 where R > 0 is a fixed radius 
and r(x,t ) satisfies 



< c(n, k ) 


Vr| 2 < c(n, k)r , 


then following [3] we arrive at 

gi < -C^g 2 - 2((prj 3p 'Vr}~ p + rV£) ■ V(^£) 

+ c(n,k) ^l + -J-^j r + R^ g. 

It is possible now to also localise in time as in [3j, which would get us to the estimates 
in [IB], but for our purposes this is unnecessary, so instead we now suppose that 
m(T ) := sup 0<t<T supr xeAf t \ r ( x ,t)<R 2 } 9^ i s attained at some time t 0 > 0, then at a 
point where m{T) is attained we have 



C^g 2 < c(n, k) ( 1 + ——— ) R 2 g 


Kg 


multiplying by £/Cft we have 


m{T) < 


c(n, k) 
Ck 


1 + 


Kg 


-2 P 


R 2 
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In the set {a: G M t \r(x, t ) < OR 2 , t G [0, T]} we have ip > 1, £ > (1 — d) 2 /? 4 so 

i^i 2 (1 - *> 2pl ^ %r 0 + 

We now choose 

/t := - inf n 2p , 

2 {a;eMt|r(z,t)<-R 2 ie[0,T]} ' 

then as rj~ 2p > 1 and k < 1/2 we have that (1 + l/nr]~ 2p ) < 2 / n, so 


\A \ 2 < 


c(n, /c) 


(?z, fc) 


sup 


—4p 


k 2 R 2 (1 - oy R 2 { 1 - 0) 2 { , e M t |.<^ te[ o,T] } 


In the set {x G M t \r(x,t ) < ^i? 2 , t G [0, T]}. The preceding discussion establishes 
the following theorem 


Theorem 8.3 (High codimension interior estimate). Let R > 0 and suppose that 
K r 2 := {(x, t) G M t \r(x, t) < R 2 } is compact and can be written as a graph over 
some plane for t G [0, T]. Suppose further that if the graph function is denoted by 
u, that 

det(5jj + DiU ■ DjU ) < 1 + e, 

where e > 0 depends only on n and k. Then for any t G [0, T\ and 0 G (0,1) we 
have 


( 8 . 1 ) 


sup |H| 2 < max 

K 6 R 2 


c(n ) 

R 2 (l-0) 2 


sup TJ 4p , 
K R 2 


sup 

{x£Mo\r<R 2 } 


WV(»- 2 ”)] 

(1-9) 2 J 


If we denote by - T projection onto the plane over which M t is graphical, then it’s 
easy to see that 

^ - A] \x t \ = 0 

dt J 

for x = F(p,t) some point in M t . Therefore, defining r(x,t ) := |x T | 2 we have 

d 


dt 


A r 


= 2\(Vx) 1 1 2 < c{n , k) 


\X7r\ 2 = 4\x 1 \ 2 \{X7xy\ 2 <c{n,k)r. 


With this choice of r we have the following corollary 


Corollary 8.4. Under the assumptions of Theorem \8.3\. with the particular choice 
r(x,t ) = \x T \ 2 we have the estimate 
( 8 . 2 ) 


sup |H| 2 < min 

Bg R {yo)x [0,T] 


c(n,k) _ 4 p \A\<P(V 

— -— sup V p , sup —-—- 

R{i--0) B R ( yo )x[0,T] {Bk(2/o)x{0}} (1 “ 0) 


where B R (y 0 ) denotes a ball centred at y 0 with radius R in the plane. 
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